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Poincare´-Lelong equation via the Hodge Laplace
heat equation
Lei Ni and Luen-Fai Tam
Abstract
In this paper, we develop a method of solving the Poincare´-Lelong equation, mainly
via the study of the large time asymptotics of a global solution to the Hodge-
Laplace heat equation on (1, 1)-forms. The method is effective in proving an op-
timal result when M has nonnegative bisectional curvature. It also provides an
alternate proof of a recent gap theorem of the first author.
1. Introduction
Solving the Poincare´-Lelong equation amounts to, for a given real (1, 1)-form ρ, finding a
smooth function u such that
√−1∂∂¯u = ρ. Motivated by geometric considerations, on a
complete noncompact Ka¨hler manifold (M,g), this was first studied by Mok et al. [7] under
some restrictive conditions including a point-wise quadratic decay on ‖ρ‖, nonnegative bi-
sectional curvature and maximum volume growth onM . There have been many publications
since then (e.g. [9], [14], [2]). Finally in [15], the following result was proved.
Theorem 1.1. Let Mn (with m = 2n being the real dimension) be a complete Ka¨hler
manifold with nonnegative holomorphic bisectional curvature. Let ρ be a real d-closed (1, 1)-
form. Suppose that ∫ ∞
0
(∫
Bo(s)
||ρ||(y)dµ(y)
)
ds <∞, (1.1)
and
lim inf
r→∞
[
exp
(−αr2) · ∫
Bo(r)
||ρ||2(y)dµ(y)
]
<∞ (1.2)
for some α > 0. Then there is a solution u of the Poincare´-Lelong equation
√−1∂∂¯u = ρ.
Moreover, for any 0 < ǫ < 1, u satisfies
α1r
∫ ∞
2r
k(s)ds + β1
∫ 2r
0
sk(s)ds > u(x)
> β3
∫ 2r
0
sk(s)ds− α2r
∫ ∞
2r
k(s)ds− β2
∫ ǫr
0
sk(x, s)ds (1.3)
for some positive constants α1(m), α2(m, ǫ) and βi(m), 1 6 i 6 3, where r = r(x). Here
k(x, s) =
∫
Bx(s)
‖ρ‖ and k(s) = k(o, s), where o ∈M is fixed.
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Due to the technical nature of the assumption (1.2), which arises from the parabolic
method employed in [15], and is related to the uniqueness of the heat equation, it is desirable
to be able to remove it. The purpose of this paper is to prove:
Theorem 1.2. Let (Mn, g) be a complete noncompact Ka¨hler manifold (of complex dimen-
sion n) with nonnegative Ricci curvature and nonnegative quadratic orthogonal bisectional
curvature. Suppose that ρ is a smooth d-closed real (1, 1)-form on M and let f = ||ρ|| be
the norm of ρ. Suppose that ∫ ∞
0
kf (r)dr <∞. (1.4)
Then there is a smooth function u so that ρ =
√−1∂∂¯u. Moreover, for any 0 < ǫ < 1, the
estimate (1.3) holds.
Note that in the theorem we only require (Mn, g) has nonnegative Ricci curvature and
nonnegative quadratic orthogonal bisectional curvature (see Section 3 for the definition),
which is weaker than the nonnegativity of the bisectional curvature (see also Section 7 for
the discussion on the relations between various curvature conditions). The current result is
also more general than those in a previous version of our work and the proof is less involved.
The solution space to a Poincare´-Lelong equation clearly is an affine space consisting
us + uh with us being a special solution and uh being any element of the linear space of
the pluriharmonic functions. The estimate (1.3) selects the minimum one among them. In
the view that on Ka¨hler manifolds with nonnegative Ricci curvature, the sublinear growth
is the optimal necessary condition to imply the constancy of a pluriharmonic function,
the assumption (1.1) is almost the optimal condition which one can expect to ensure that
estimate (1.3) selects the unique (up to a constant) solution.
The use of the Hodge-Laplace heat equation here is motivated by that of [12]. On the
other hand here we establish the closedness of the global (1, 1)-form solution to the Hodge-
Laplace heat equation, and in Section 5 obtain an alternate proof to the gap theorem in
[12] without appealing to the relative monotonicity.
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2. A general method of solving the Poincare´-Lelong equation
Let (Mn, g) be a complete noncompact Ka¨hler manifold with complex dimension n with
Ka¨hler form. Let ρ be a real (1,1) form. If in a local coordinate ρ =
√−1ρij¯dzi ∧ dzj¯ we
denote the trace of ρ,
∑n
i,j=1 g
ij¯ρij¯ by tr(ρ) and is equal to Λρ, where Λ is the adjoint of L
with Lσ = ω ∧ σ.
Let ∆ = −∆d = −(dδ + δd) be the Hodge Laplacian for forms. On Ka¨hler manifolds it
is well known that ∆d = 2∆∂ = 2∆∂¯ .
In this section we shall prove the result below, which reduces the solving of the Poincare´-
Lelong equation into the study of two parabolic equations, namely the heat equation and
Hodge-Laplace heat equation, and obtaining relevant estimates.
2
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Theorem 2.1. Suppose M has nonnegative Ricci curvature. Suppose further that the fol-
lowing are true.
(a) There is an (1, 1)-form η(x, t) satisfying{
ηt(x, t)−∆η(x, t) = 0, in M × [0,∞);
η(x, 0) = ρ(x), x ∈M, (2.1)
such that η(x, t) is closed for all t, and for some p > 0
lim
R→∞
1
R2Vo(R)
∫ T
0
∫
Bo(R)
||η||p(x, t)dµ(x)dt = 0 (2.2)
for all T > 0. Moreover, limt→∞ η(x, t) = 0.
(b) There is a function u(x) solving ∆u(x) = tr(ρ)(x), and a solution v(x, t) of{
vt(x, t)−∆v(x, t) = 0, in M × [0,∞);
v(x, 0) = 2u(x), x ∈M, (2.3)
such that for the same p > 0,
lim
R→∞
1
R2Vo(R)
∫ T
0
∫
Bo(R)
|v|p(x, t) + |u(x)|pdµ(x)dt = 0 (2.4)
for all T > 0 and limt→∞ ∂∂¯v(x, t) = 0.
Then 2
√−1∂∂¯u = ρ.
Before we prove the theorem, let us first recall the following consequence of Ka¨hler
identities.
Lemma 2.1. For (1, 1)-form η, we have
∂∂¯Λη =
√−1∆∂¯η − ∂¯Λ∂η + ∂Λ∂¯η − Λ∂∂¯η. (2.5)
Hence if Λ∂η = Λ∂¯η = Λ∂∂¯η = 0, then
∂∂¯Λη =
√−1∆∂¯η =
√−1∆∂η. (2.6)
In particular, if η is d-closed then (2.6) is true.
Proof. Recall the Ka¨hler identities: ∂Λ − Λ∂ = −√−1∂¯∗, ∂¯Λ − Λ∂¯ = √−1∂∗. ∆∂ = ∆∂¯ ,
we have that
∂∂¯Λη =∂Λ∂¯η +
√−1∂∂∗η
=
√−1∆∂η + ∂Λ∂¯η −
√−1∂∗∂η
=
√−1∆∂η + ∂Λ∂¯η −
(
∂¯Λ− Λ∂¯) ∂η.
From this (2.5) follows.
We also need the following maximum principle for solutions of the heat equation.
Lemma 2.2. Suppose (Mm, g) is a complete noncompact Riemannian manifold with non-
negative Ricci curvature and u is a smooth nonnegative subsolution of the heat equation
on M × [0, T ] such that there exists Ri →∞ and p > 0 such that
lim
i→∞
1
R2i Vo(Ri)
∫ T
0
∫
Bo(Ri)
up(y, s)dµ(y)ds = 0. (2.7)
Then u(x, t) 6 supy∈M u(y, 0). In particular, if u1 and u2 are two solutions of the heat
equation such that |u1| and |u2| satisfy the decay conditions (2.7) and if u1 = u2 at t = 0,
then u1 ≡ u2.
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Proof. By [5, Theorem 1.2], for any ǫ > 0, there is a constant C > 0 independent of R such
that
sup
Bo(
1
2
R)×[0,T ]
up 6
C
R2Vo(R)
∫ T
0
∫
Bo(R)
up(y, s)dµ(y)ds + (1 + ǫ)
(
sup
y∈M
u(y, 0)
)p
if R2 > 4T . Let R→ 0 and then let ǫ→ 0, the first assertion follows.
To prove the second assertion, apply the above argument to
(|u1 − u2|2 + ǫ) 12 for ǫ > 0
and let ǫ→ 0.
Proof of Theorem 2.1. Let η be as in (a). Let φ = tr(η), namely Λ(η). Then φ satisfies the
heat equation in M × [0,∞) with initial value tr(ρ). Let
w(x, t) = −2
∫ t
0
φ(x, s)ds.
Then
wt −∆w = −2tr(ρ), w(x, 0) = 0.
Hence v˜(x, t) = 2u(x) − w(x, t) satisfies
v˜t −∆v˜ = 0, v˜(x, 0) = 2u(x).
By (2.2), (2.4) and Lemma 2.2, we conclude that v = 2u− w.
On the other hand, by Lemma 2.1 and the fact that η is closed, we have
d
dt
(
η +
√−1∂∂¯w) =− 2∆∂¯η +√−1∂∂¯wt
=− 2∆∂¯η − 2
√−1∂∂¯Λη
=0.
At the same time, at t = 0, η+
√−1∂∂¯w(·, t) = ρ. Hence this equation holds for all t. That
is to say,
η + 2
√−1∂∂¯u−√−1∂v¯ = ρ.
Since limt→∞ η(x, t) = limt→∞
√−1∂∂¯v(x, t) = 0, we have 2√−1∂∂¯u = ρ.
Remark 2.1. From the proof it is easy to see that if in (a) we only assume that Λ∂η =
Λ∂¯η = Λ∂∂¯η = 0, then the conclusion of the theorem is still true. Moreover from the proof
we see that η is closed. In fact, one can check if η satisfies the equation ∂
∂t
η+∆∂η = 0, then
Φ = η(t) +
∫ t
0
(
∂¯∗∂ + ∂∗∂¯
)
η −√−1
∫ t
0
Λ∂∂¯η.
is closed, provided that ρ(x, 0) is closed. Hence in particular, Λ∂η = Λ∂¯η = Λ∂∂¯η = 0
implies that dη = 0.
Hence in order to solve the Poincare´-Lelong equation, it is sufficient to find η and u, v
as in the theorem.
By the previous work [15, 14], under certain average growth condition on ‖ρ‖ we can
find u and v satisfying (b) of Theorem 2.1. We now list this known result and a useful
estimate below.
Let (M,g) be a complete noncompact Riemannian manifold and let o ∈ M be a fixed
point. For a smooth function f on M , let
kf (r) =
1
Vo(r)
∫
Bo(r)
|f |. (2.8)
4
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where Bx(r) is the geodesic ball of radius r with center at x and Vx(r) is the volume of
Bx(r). First recall the following result from [15, Lemma 1.1]:
Lemma 2.3. Let (M,g) be a complete noncompact Riemannian manifold with nonnegative
Ricci curvature and let o ∈ M be a fixed point. Let h > 0 be a continuous function. Let
H(x, y, t) be the heat kernel and let
v(x, t) =
∫
M
H(x, y, t)h(y)dµ(y).
Assume that v is defined on M × [0, T ] with
lim inf
r→∞
exp
(
− r
2
20T
)∫
Bo(r)
h = 0. (2.9)
Then for any r2 > t > 0 and p > 1
1
Vo(r)
∫
Bo(r)
vp(x, t)dx 6 C(n, p)
[
khp(4r) + t
−p
(∫ ∞
4r
s exp
(
− s
2
20t
)
kh(s)ds
)p]
.
Proof. Note the proof in [15] (page 467-468) can be carried over because only (2.9) is needed
for the integration by parts.
Proposition 2.1. Let (M,g) be a complete noncompact Riemannian manifold with non-
negative Ricci curvature and let o ∈M be a fixed point. Let f be a smooth function on M
such that ∫ ∞
0
kf (r)dr <∞.
Then we can find functions u and v with ∆u = f , v satisfying (2.3) such that (2.4) is true
for p = 1, and limt→∞ ∂∂¯v(x, t) = 0. Moreover u satisfies (1.3). In fact, u and v are given
by
u(x) =
∫
M
(G(o, y) −G(x, y)) f(y)dµ(y), if M is nonparabolic
v(x, t) =
∫
M
H(x, y, t)u(y)dµ(y).
Here G(x, y) is the minimal positive Green’s function of M (if M is nonparabolic) and
H(x, y, t) is the heat kernel of M .
Proof. First consider the case that M is nonparabolic. The existence of u and v given by
the expressions in the proposition so that limt→∞ ∂∂¯v(x, t) = 0 follows from [15, Lemma
6.1]. By the proof of [15, Lemma 6.1], we have
ku(r) = o(r
2).
From this and Lemma 2.3, (2.4) is true for p = 1 in this case.
In general, by considering M˜ = M × R4, we can find u˜ as above. By [2, p.458–460],
u˜ is independent of y ∈ R4 for (x, y) ∈ M × R4. Let u(x) = u˜(x, y). Then ∆u = f and
ku(r) = o(r
2). The existence of v is as in the previous case.
To apply Theorem 2.1 we also need a d-closed solution of the Hodge-Laplace heat equa-
tion with estimate (2.2). The existence of such solutions is the content of the next two
sections.
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3. Solution of the Hodge-Laplace heat equation: preliminary results
In this section we collect some basic results needed for the later discussions and construct
a solution of the Hodge-Laplace heat equation (2.1) via suitable approximation.
First we need the existence of an exhaustion function on complete manifolds with non-
negative Ricci curvature with the property that it has bounded complex Hessian if addi-
tionally (Mn, g) is a Ka¨hler manifold with nonnegative quadratic orthogonal bisectional
curvature.
Recall that a Ka¨hler manifold (Mn, g) is said to have nonnegative quadratic orthogonal
bisectional curvature if at any point and any unitary frame {ei},∑
i,j
Ri¯ijj¯(ai − aj)2 > 0 (3.1)
for all real numbers ai. Let o ∈M be a fixed point, r(o, x) be the distance function to o.
Let
ζ(x, t) =
∫
M
H(x, y, t)r(o, y)dµ(y)
be the positive solution of the heat equation with r(o, x) being the initial value. Here
H(x, y, t) is the heat kernel.
Proposition 3.1. (i) Assume that (M,g) has nonnegative Ricci curvature, then for any
t > 0 ζ(x, t) is a smooth exhaustion function. Moreover |∇ζ|(x, t) 6 1.
(ii) Assume additionally that (M,g) has nonnegative quadratic orthogonal bisectional
curvature, then for any t > 0, there exists C such that ‖∂∂¯ζ‖(x, t) 6 C. Furthermore C can
be chosen with C = 1√
2t
.
Proof. The part (i) follows from Corollary 1.1 and Lemma 1.4 of [15]. For part (ii), note
that the Bochner formula implies that(
∆− ∂
∂t
)
|∇ζ|2 > 2‖∇2ζ‖2. (3.2)
As in the proof of Lemma 3.1 of [15], by multiplying a suitable cut-off function to (3.2) and
performing the integration by parts we have that for any x ∈M , and for any T,R > 0,∫ T
0
∫
Bx(R)
‖∇2ζ‖2 6 C
(
R−2
∫ T
0
∫
Bx(2R)
|∇ζ|2 +
∫
Bx(2R)
|∇r|2
)
6 C(1 +R−2T ) (3.3)
for some constant C independent of x and R. Now one can apply Theorem 1.1 of [5] to
conclude the bound of ‖∂∂¯ζ‖, since by the proof of Lemma 2.1 of [15] (see also [3], Lemma 5.1
of [16]) one only needs the nonnegativity of the quadratic orthogonal bisectional curvature
to conclude that ‖∂∂¯ζ‖(x, t) is a sub-solution to the heat equation (see also (3.8) below).
More precisely under the curvature assumption of (ii) we have that(
∆− ∂
∂t
)
‖∂∂¯ζ‖2(x, t) > 2‖∇∂∂¯ζ‖2(x, t). (3.4)
Putting (3.3) and (3.4) together we have that(
∆− ∂
∂t
)(|∇ζ|2 + 2t‖∂∂¯ζ‖2) > 0. (3.5)
The estimate |∇ζ|(x, t) 6 1 and (3.4) enable one to apply the maximum principle to |∇ζ|2+
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2t‖∂∂¯ζ‖2, and conclude that
|∇ζ|2(x, t) + 2t‖∂∂¯ζ‖2(x, t) 6 1.
This gives the precise upper bound claimed in part (ii).
The Bochner formulae we have applied above are the special cases of the general formulae
described below. Let η be a (p, q)-form valued in a holomorphic Hermitian vector bundle E
with local frame {Eα} and locally η =
∑
ηαEα.
ηα =
1
p!q!
∑
ηα
IpJ¯q
dzIp ∧ dzJ¯q .
Here Ip = (i1, · · · , ip), J¯q = (j¯1, · · · , j¯q) and dzIp = dzi1 ∧ · · · ∧ dzip , dzJ¯q = dzj1 ∧ · · · ∧ dzjq .
The Kodaira-Bochner formulae include the following two identities:
(∆∂¯η)
α
IpJ¯q
= −
∑
ij
gj¯i∇i∇j¯ηαIpJ¯q +
q∑
ν=1
Ωαl¯β j¯νη
β
Ipj¯1···(l¯)ν ···j¯q
+
q∑
ν=1
Rl¯
j¯ν
ηα
Ipj¯1···(l¯)···j¯q −
p∑
µ=1
q∑
ν=1
R kl¯
iµ j¯ν
ηα
i1···(k)µ···ipj¯1···(l¯)ν ···j¯q (3.6)
and
(∆∂¯η)
α
IpJ¯q
= −
∑
ij
gij¯∇j¯∇iηαIpJ¯q +
q∑
ν=1
Ωαl¯βj¯νη
β
Ipj¯1···(l¯)ν ···j¯q −
∑
β
Ωαβη
β
IpJ¯q
+
p∑
µ=1
R kiµη
α
i1···(k)µ···ipJ¯q −
p∑
µ=1
q∑
ν=1
R kl¯iµ j¯νη
α
i1···(k)µ···ipj¯1···(l¯)ν ···j¯q , (3.7)
where (k)µ means that the index in the µ-th position is replaced by k. Here
Θαβ =
√−1
2π
∑
Ωαβ ij¯dz
i ∧ dz¯j
is the curvature of E and Ωαβ = ΛΘ
α
β is the mean curvature.
Lemma 3.1. Let (M,g) be a Ka¨hler manifold.
(i) Suppose that M has nonnegative quadratic bisectional curvature. Let η(x, t) be a
(1, 1)-form satisfying
∂
∂t
η(x, t) −∆η(x, t) = ξ(x, t)
with ξ(x, t) being another (1, 1)-form. Then(
∂
∂t
−∆
)
‖η‖2(x, t) 6 −2‖∇η‖2(x, t) + 2〈ξ, η〉(x, t). (3.8)
In particular, for any ǫ > 0,(
∂
∂t
−∆
)(‖η‖2(x, t) + ǫ) 12 6 ||ξ||(x, t).
(ii) Suppose thatM has nonnegative Ricci curvature. Let σ(x, t) be a (1, 0)-form satisfying
∂
∂t
σ(x, t)−∆σ(x, t) = 0.
Then (
∂
∂t
−∆
)
‖σ‖2(x, t) 6 −2‖∇σ‖2(x, t). (3.9)
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In particular, for any ǫ > 0,(
∂
∂t
−∆
)(‖σ‖2(x, t) + ǫ) 12 6 0.
Proof. Applying (3.6) and (3.7) to η(x, t), σ(x, t) and using the curvature assumption, the
results follow.
Our strategy of constructing a global solution η to the Hodge-Laplace heat equation is
by two approximations. First we construct ρ(i) by multiplying the initial d-closed (1, 1)-form
ρ by suitable cut-off functions φ(i), which we describe below.
Let κ(s) be a smooth cut-off function on R such that κ(s) = 0 for |s| > 1. For a sequence
{Ri} with Ri →∞, let
φ(i)(x) = κ
(
ζ(x, 1)
Ri
)
where ζ(z, t) is the exhaustion function constructed by solving the heat equation with
distance function as the initial data. Proposition 3.1 implies that there exists an absolute
constant C1 > 0 such that
|∇φ(i)|(x) + ‖∂∂¯φ(i)‖ 6 C
Ri
. (3.10)
Let ρ(i)(x) = φ(i)(x)ρ(x). In general one can not expect that ρ(i) is closed. But we have
the following estimate:
‖∂ρ(i)‖(x) + ‖∂¯ρ(i)‖(x) + ‖∂∂¯ρ(i)‖(x) 6 C1
Ri
‖ρ‖(x). (3.11)
A solution η(i)(x, t) of the Hodge-Laplace heat equation with initial data ρ(i)(x) is con-
structed via the compact exhaustion detailed as follows. Let {Ων} be a sequence of exhaus-
tion domains. Let Φν be the solution of the following initial boundary value problem:
Φt −∆Φ = 0, in Ων × (0,∞);
limt→0 Φ(x, t) = ρ(i)(x), x ∈ Ων ;
nΦ = 0, on ∂Ων × (0,∞);
tΦ = 0, on ∂Ων × (0,∞).
(3.12)
Here nΦ and tΦ denote the normal and tangential parts of Φ (see [8] for the basic definitions
and related properties). The solvability of (3.12) is classical. See for example [1], [8], [4]. For
ν large, the solution Φν is smooth since the initial and boundary values are compatible. Let
v(i)(x, t) +
∫
M
H(x, y, t)‖ρ(i)‖(y) dµ(y) and v(x, t) +
∫
M
H(x, y, t)‖ρ‖(y) dµ(y). (3.13)
Clearly v(i)(x, t) 6 v(x, t), provided v is defined. The Bochner formula (3.8) and the maxi-
mum principle imply that
‖Φν‖(x, t) 6 v(i)(x, t).
Thus by the Schauder’s estimate, after possibly passing to a subsequence, {Φν} converges
to a limit solution η(i)(x, t), which is a (1, 1)-form with the initial value ρ(i)(x). Note that
if ρ is real, then η(i) is real by uniqueness. To summarize, we have:
Lemma 3.2. Let η(i) be as above. Suppose that v(x, t) in (3.13) is well-defined. Then, after
possibly passing to a subsequence, {η(i)} converges to a (1,1)-form η satisfying the Hodge-
Laplacian heat equation on M × [0,∞) with initial value ρ. Moreover,
‖η(i)‖(x, t) 6 v(i)(x, t) and ‖η‖(x, t) 6 v(x, t). (3.14)
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In particular for each i, ‖η(i)‖ is uniformly bounded.
Next we will prove that under certain conditions, η satisfies the conditions in Theorem
2.1(a).
4. Global solutions of the Hodge-Laplace heat equation
In this section we prove the following result on the global solutions of the Hodge-Laplace
heat equation.
Theorem 4.1. Let (M,g) be a complete Ka¨hler manifold with nonnegative quadratic or-
thogonal bisectional curvature and with nonnegative Ricci curvature. Assume that ρ is a
d-closed (1, 1)-form such that f = ‖ρ‖ satisfies
lim sup
R→∞
kf (R)
R2
= 0. (4.1)
Then there exists a solution of{
ηt −∆η = 0, in M × [0,∞);
η(x, 0) = ρ(x), x ∈M. (4.2)
such that η is a closed (1, 1)-form. Furthermore we have that
(a) for any T > 0,
lim
R→∞
1
R2Vo(R)
∫ T
0
∫
Bo(R)
||η||(x, t)dµ(x)dt = 0; (4.3)
(b) limt→∞ η(x, t) = 0 for all x ∈M provided that limR→∞ kf (R)→ 0.
Proof. By the decay assumption on ||ρ||,
v(x, t) =
∫
M
H(x, y, t)||ρ||(y)dµ(y)
is well-defined by [15, Lemma 2.1]. Let {η(i)(x, t)} and η be the solutions of the Hodge-
Laplace heat equation obtained in Lemma 3.2, which are real (1,1)-form. Then ‖η‖(x, t) 6
v(x, t). Now by (4.1) we have that
kf (4R)
R2
→ 0 as R→∞. By Lemma 2.3 and the fact that
‖η‖(x, t) 6 v(x, t), we conclude that (4.3) is true for any T > 0.
By [5, Theorem 1.1], if additionally assume that limR→∞ kf (R) = 0, we have that
limt→∞ v(x, t) = 0. Hence limt→∞ η(x, t) = 0.
It remains to prove dη = 0. By Remark 2.1, it is sufficient to prove that Λ∂η = Λ∂¯η =
Λ∂∂¯η = 0. These will be established via lemmas below. With them we complete the proof
of the theorem.
Lemma 4.1. Let η(i) and η as in the proof of Theorem 4.1. Let σ
(i)
1 = Λ∂η and σ
(i)
2 = Λ∂η
(i).
Then
||σ(i)j ||(x, t) 6 C
∫
M
H(x, y, t)||ρi||(y)dµ(y) (4.4)
for j = 1, 2. In particular, for each i, ||σ(i)j || are uniformly bounded inM× [0,∞). Moreover,
Λ∂η = Λ∂¯η = 0.
Proof. By Lemma 3.2, for each i, ||η(i)|| is uniformly bounded on M × [0,∞). By Lemma
3.1 (
∂
∂t
−∆
)
||η(i)||2 6 −2||∇η(i)||2.
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As in the proof of Proposition 3.1, for all there is C > 0, such that for T > 0, r > 0,∫ T
0
∫
Bo(r)
||∇η(i)||2 6 C(1 + r−2T ).
Hence ∫ T
0
∫
Bo(r)
||σ(i)1 ||2 6 C(1 + r−2T ).
On the other hand, by Lemma 3.1 again, for any ǫ > 0,(
∂
∂t
−∆
)(
||σ(i)1 ||2 + ǫ
) 1
2
6 0.
Hence one can apply the maximum principle to conclude that(
||σ(i)1 ||2(x, t) + ǫ
) 1
2
6
∫
M
H(x, y, t)
(
||Λ∂ρ(i)||(y) + ǫ
)
dµ(y).
Let ǫ→ 0, we have
||σ(i)1 ||(x, t)
∫
M
H(x, y, t)||Λ∂ρ(i)||(y)dµ(y).
Similarly, one can prove
||σ(i)2 ||(x, t)
∫
M
H(x, y, t)||Λ∂¯ρ(i)||(y)dµ(y).
The last assertion follows from (3.11) and the fact that a subsequence of η(i) converge locally
uniformly to η.
Next we want to prove that Λ∂∂¯η(x, t) = 0. For that let
θ =
∫ t
0
Λ∂∂¯η(x, τ) dτ, and correspondingly θ(i)(x, t) =
∫ t
0
Λ∂∂¯η(i)(x, τ) dτ.
For that we need more lemmas.
Lemma 4.2. For any T > 0, there exists Ci > 0 such that∫ T
0
∫
Bo(R)
‖θ(i)‖2(x, t) dµ(x) dt 6 Ci (4.5)
for all R.
Proof. Let w(i)(x, t) = Λη(i)(x, t). By Lemma 3.2, w(i)(x, t) is uniformly bounded. It also
satisfies the heat equation. Using the differential equation/inequality(
∆− ∂
∂t
)(
w(i)
)2
(x, t) = 2|∇w(i)|2(x, t),(
∆− ∂
∂t
)
|∇w(i)|2(x, t) > 2‖∇2w(i)‖2(x, t)
integration by parts as in the proof of Proposition 3.1, for R2 > T∫ T
0
∫
Bo(R)
(
|∇w(i)|2(x, t) + ‖∇2w(i)‖2(x, t)
)
dµ(x) dt 6 Ci. (4.6)
for some Ci > 0 independent of R. Let σ
(i)
1 (x, t) = Λ∂¯η
(i) and σ
(i)
2 (x, t) = Λ∂η
(i)(x, t). By
Lemma 2.1,
θ(i)(x, t) =
∫ t
0
∂∂¯w(i)(x, τ)dτ +
∫ t
0
√−1∆∂¯η(i)(x, τ) + ∂σ(i)1 (x, τ)− ∂¯σ(i)2 (x, τ)dτ. (4.7)
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Note
‖
∫ t
0
√−1∆∂¯η(i)(x, τ) dτ‖ = ‖
∫ t
0
√−1η(i)τ dτ‖ 6 v(i)(x, t) + ‖ρ(i)‖(x). (4.8)
On the other hand by Lemma 3.1(
∆− ∂
∂t
)
‖σ(i)j ‖2(x, t) > 2‖∇σ(i)j ‖2(x, t), for j = 1, 2, (4.9)
and ‖σ(i)j ‖2 are uniformly bounded by Lemma 4.1. Integrating by parts after multiplying
(4.9) by a cut-off function as before we have∫ T
0
∫
Bo(R)
‖∇σ(i)1 ‖2(x, t) + ‖∇σ(i)2 ‖2(x, t) dµ(x) dt 6 Ci. (4.10)
The result follows from (4.6), (4.7), (4.8)and (4.10).
Lemma 4.2 allows us to apply the maximum principle to ‖θ(i)‖(x, t) once we can establish
that ‖θ(i)‖(x, t) is a subsolution of a heat type equation. To this end we have the following
lemma.
Lemma 4.3. For any ǫ > 0,(
∆− ∂
∂t
)(
||θ(i)||(x, t) + ǫ
) 1
2
> −||Λ∂∂¯ρ(i)||(x). (4.11)
Proof. First direct calculation shows that
∂
∂t
θ(i)(x, t)−∆θ(i)(x, t) = Λ∂∂¯η(i)(x, t)−
∫ t
0
∆Λ∂∂¯η(i)(x, τ) dτ
= Λ∂∂¯η(i)(x, t)−
∫ t
0
Λ∂∂¯∆η(i)(x, τ) dτ
= Λ∂∂¯η(i)(x, t)−
∫ t
0
Λ∂∂¯(η(i))t(x, τ) dτ
= Λ∂∂¯ρ(i)(x).
The claimed inequality follows from (3.8) and Lemma 3.1.
Lemma 4.4. θ(x, t) = 0 for all x, t.
Proof. Let
z(i)(x, t) =
∫ t
0
∫
M
H(x, y, τ)||Λ∂∂¯ρ(i)||(y) dµ(y) dτ.
It is easy to see that (
∆− ∂
∂t
)
z(i)(x, t) = −||Λ∂∂¯ρ(i)||(x).
Note that z(i) is bounded. By Lemmas 4.2, 4.3 and the maximum principle Lemma 2.2, we
conclude that
‖θ(i)‖(x, t) 6 z(i)(x, t)
6
C1
Ri
∫ t
0
∫
M
H(x, y, τ)‖ρ‖(y) dµ(y) dτ
6
C1
Ri
∫ t
0
v(x, τ) dτ
→ 0
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as i→∞. Here we have used (3.11).
By the definition of θ, we conclude that Λ∂∂¯η = 0. The proof of Theorem 4.1 is com-
pleted.
5. An alternate proof of the gap theorem
In this section we shall give an alternate proof of the gap theorem of [12]. The proof here
avoids the use of the relative monotonicity. It uses a Li-Yau-Hamilton type estimate in [13]
together with Lemma 4.1. The proof also avoids to solve the Poincare´-Lelong equation.
Theorem 5.1. Let (M,g) be a complete Ka¨hler manifold with nonnegative bisectional
curvature. Assume that ρ > 0 is a d-closed (1, 1)-form. Suppose that∫ r
0
s
∫
Bo(s)
‖ρ‖(y) dµ(y) ds = o(log r) (5.1)
for some o ∈M . Then ρ ≡ 0.
Proof. By the assumption (5.1), we can apply Theorem 4.1. Let η(i) and η as in the proof
of Theorem 4.1 with ||η(i)|| is bounded and
‖η‖(x, t) 6
∫
M
H(x, y, t)‖ρ‖(x) dµ.
Since ρi is nonnegative, by [15, Theorem 2.1], we can conclude that η
(i) is nonnegative.
Hence η is nonnegative. By [13, Theorem 1.1], we have
wt +
1
2
(
∂¯∗Λ∂¯ + ∂∗Λ∂
)
η +
w
t
> 0 (5.2)
where w = Λη. By Lemma 4.1, Λ∂¯η = Λ∂η = 0. Let u(x) be the solution of ∆u = Λρ
obtained in [14], which satisfies the estimates (1.3). Let v(x, t) be the solution of the heat
equation with initial data 2u. By the Proposition 2.1 and the estimates of u and η, we
conclude that
v(x, t) = 2u(x) +
∫ t
0
w(x, τ)dτ.
By Proposition 2.1, through the previous work [14], for any x0 ∈M we have that
u(x) = o(log(r(x0, x)))
as x→∞, where r(x0, x) denotes the distance function as before. By the moment type esti-
mate (cf. Theorem 3.1 of [10]) we have that v(x0, t) = o(log t) as t→∞. This fact, together
with (5.2) implies that Λρ(x0, t) = 0 for any t > 0. Otherwise assume that Λρ(x0, t0) = δ > 0
for some t0 > 0. Note that we have vt = 2Λη = 2w. Then by (5.2) we have that for all
t > t0,
vt(x, t) >
2t0δ
t
,
which in particular implies that
v(x0, t) > 2t0δ log
(
t
t0
)
− v(x0, t0).
This contradicts v(x, t) = o(log(t)). The contradiction implies that Λη(x0, t) = 0 for any
t > 0. Hence we have that Λρ(x) ≡ 0 which implies the claim ρ ≡ 0 by the nonnegativity
of ρ.
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6. Solution of Poincare´-Lelong equation
In this section we shall prove the result generalizing [15, Theorem 6.1]. With the notations
of previous sections we can state the main theorem.
Theorem 6.1. Let (Mn, g) be a complete noncompact Ka¨hler manifold (of complex dimen-
sion n) with nonnegative Ricci curvature and nonnegative quadratic orthogonal bisectional
curvature. Suppose that ρ is a smooth d-closed real (1, 1)-form on M and let f = ||ρ|| be
the norm of ρ. Suppose that ∫ ∞
0
kf (r)dr <∞. (6.1)
Then there is a smooth function u so that ρ =
√−1∂∂¯u. Moreover, for any 0 < ǫ < 1, the
estimate (1.3) holds.
Proof. Observe that the volume comparison implies kf (r) 6 2
2nkf (s) for all s ∈ (r, 2r).
Thus (6.1) implies that limr→∞ kf (r) r = 0. Thus Theorem 6.1 follows from Theorems 2.1,
4.1 and Proposition 2.1.
Finally we make some comments on the relation of conditions of nonnegative bisectional
curvature (NB), nonnegative orthogonal bisectional curvature (NOB), nonnegative quadratic
orthogonal bisectional curvature (NQOB) (3.1), and the following curvature condition on
(2, 1)-forms σ:
− 〈E(σ), σ〉 > −a2|σ|2 (6.2)
for some a > 0, where
(E(σ))ijk¯ = −Rliσljk¯ −Rljσilk¯ −Rl¯k¯σijl¯ + 2R lm¯i k¯ σljm¯ + 2R lm¯j k¯ σilm¯. (6.3)
For condition (6.2) with a = 0, we abbreviate as (NCF) (nonnegativity associated with
certain 3-forms), as well as an invariant representation of them. This condition on (2, 1)-
forms arises from the Bochner formula on (2, 1)-forms, which is related to a previous method
of constructing global d-closed solutions to Hodge-Laplace heat equation. Algebraically
(NB) is stronger than (NOB), which in turn is stronger than (NQOB). We introduce some
notations for convenience. First the curvature operator of a Ka¨hler manifold can be viewed
as bilinear form on gl(n,C) (which can be identified with ∧1,1(Cn) via the metric) in the
sense that for any X ∧ Y and Z ∧W
〈Rm(X ∧ Y ), Z ∧W 〉 + Rm(X ∧ Y ,Z ∧W ) = RXYWZ .
Hence for any Ω = (Ωij¯), it is easy to check that 〈Rm(Ω),Ω〉 = Rij¯kl¯Ωij¯Ωkl¯ ∈ R. Hence one
can identify (cf. [16]) the condition (NB) as
{Rm | 〈Rm(Ω),Ω〉 > 0, for any Ω, rank(Ω) = 1}. (6.4)
Similarly, condition (NOB) is equivalent to
{Rm | 〈Rm(Ω),Ω〉 > 0, for any Ω, rank(Ω) = 1,Ω2 = 0}. (6.5)
For the other two conditions we recall two operators from the study of the Ricci flow. The
first one is the ∧¯ operator on A,B, any two Hermitian symmetric transformations on T ′M ,
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defined by
(A∧¯B)ij¯kl¯ = Aij¯Bkl¯ +Bij¯Akl¯ +Ail¯Bkj¯ +Bil¯Akj¯
= 2〈(A ∧ B¯ +B ∧ A¯)(ei ∧ ej¯), el ∧ ek¯〉
+2〈(A ∧ B¯ +B ∧ A¯)(ek ∧ ej¯), el ∧ ei¯〉.
The resulting operator so defined is also a Ka¨hler curvature operator which , in particular,
satisfies the first Bianchi identity. Here (A ∧ B)(X ∧ Y ) = 12(A(X) ∧ B(Y ) + B(X) ∧
A(Y )) as defined in [16]. This operator is the one involved in the U(n)-invariant irreducible
decomposition of the space of the Ka¨hler curvature operators. Now the condition (NQOB)
is equivalent to
{Rm | 〈Rm, A2∧¯ id−A∧¯A〉 > 0, for all Hermitian symmetric A}. (6.6)
For (NCF) it can be identified with that
Ric∧ id∧ id−2Rm∧ id > 0 (6.7)
on the space of (2, 1)-forms. Here for X ∧ Y ∧Z, Rm∧ id(X ∧ Y ∧Z) = Rm(X ∧ Y ) ∧Z −
Rm(X ∧ Z) ∧ Y +X ∧ Rm(Y ∧ Z), Ric∧ id∧ id is defined as (Ric∧ id) ∧ id.
It is known that (NB), and (NOB) are Ricci flow invariant conditions [16]. It would be
interesting to find out about (NQOB) and (NCF). Our speculation is that condition (NCF)
follows from (NQOB) and Ric > 0. If this speculation holds (whose validity can be easily
checked when n = 2) one can have an alternate proof of the result in Section 4.
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